Abstract. The recent observation of discrepancies in the muonic sector motivates searches for the yet undiscovered atom true muonium (µ + µ − ). To leverage potential experimental signals, precise theoretical calculations are required. I will present the on-going work to compute higher-order corrections to the hyperfine splitting and the Lamb shift. Further, possible detection in rare meson decay experiments like REDTOP and using true muonium production to constrain mesonic form factors will be discussed.
Introduction
Given the dearth of clear signals beyond the Standard Model (BSM) from the LHC, it may prove useful to consider more subtle deviations from well-understood observables. Under this paradigm, one might organize future searches around resolving the "muon problem": the curious coincidence that multiple observables in the muonic sector deviate from either theoretical predictions or similar results with other leptonic flavors.
The most persistent deviation is the the anomalous magnetic moment a µ measured at Brookhaven [1] to deviate by ≈ 3σ from the theoretical predictions. Upcoming experiments at Fermilab [2] and J-PARC [3] are expected to reduce the experimental uncertainty by a factor of four. Simultaneously, the largest two theoretical uncertainties, the hadronic vacuum polarization and hadronic light-by-light, are expected to be reduced sufficiently that if the current mean values persist, the discrepancy would exceed 5σ. Another long-standing discrepancy in the low energy sector, the charge radii from muonic atoms [4, 5] , appears to be resolving itself with electronic measurements [6] with near-term experiments to clarify this issue further. If rectified in favor of the muonic results, these observables will put stringent constraints on new physics. At higher energies, the ratio of leptonic decays in D and B mesons have found 2 − 4σ discrepancies with expectations [7] [8] [9] [10] [11] .
A new class of observables that can shed light on the muon problem are those associated with the bound state (µ + µ − ) [12] [13] [14] [15] . This state has alternatively been dubbed "true muonium" [16] , "bimuonium" [17] , and "dimuonium" [18] . Simpler bound states like positronium (e + e − ), hydrogen, and muonium (µ + e − ) have attracted significant attention as testing grounds for precision QED studies [19] , but are limited in their BSM discovery potential by either the mass suppression O(m e /Λ BS M ) or large theoretical uncertainties from unknown nuclear structure effects. In contrast, true muonium has a much larger reduced mass (µ = Alas, true muonium has yet to be directly observed. The first reason is that it is experimentally difficult to producing low-energy muon pairs, and is exacerbated by the bound state's short lifetime (τ ≈ 1 ps), which presents an interesting challenge to experimenters. A second, more prosaic, reason for the neglect is until the a µ anomaly, it seemed unlikely true muonium would offer any novel physics justifying the large effort.
In this talk, we present state of the art theoretical predictions for key energy splittings and lifetimes. Following this, we discuss the possibilities to observe true muonium in upcoming experiments.
Predicting
Resolutions to the muon problem relying upon BSM generically lead to O(100 MHz) corrections to transitions and decay rates of true muonium (e.g, [12] ). These 10 −6 −10 −9 corrections are of plausible size for measurement if the production of large numbers of atoms were possible. By virtue of the annihilation channel, true muonium observables (e.g. transitions, production and decay rates) are sensitive at lower order to new particle content than other atomic transitions where individual measurements can be insensitive to different particle content (i.e. Pseudoscalar contributions to the Lamb shift in (µH) are heavily suppressed). O(100 MHz) is estimated be O(mα 7 ) in true muonium; therefore, our goal should be to predictions of this level, where hadronic and electroweak effects must be taken into account [13, 20] The theoretical expression for the energy levels to true muonium from QED can be written
where C i j indicate the coefficient of the term proportional to (α) i ln j (1/α). C i j include any dependence on mass scales other than m µ . The coefficients of single-flavor QED bound states, used in positronium, are known up to O(m e α 6 ). Partial results exist for O(m e α 7 ) and are an active research area (For updated reviews of the coefficients see [21, 22] ).
True muonium has extra contributions that must be considered. Large C i j arise for electronic contributions due to m µ /m e ≈ 200. In fact, the Lamb shift is dominated by the electronic vacuum polarization [23] . The relative smallness of m τ /m µ ≈ 17 and m π /m µ ≈ 1.3 produces contributions to true muonium much larger than analogous contributions to positronium.
Since [24] , a number of important contributions have been computed and an update of several important transitions are shown in Table 1 . For the HFS, improved calculations of the O(m µ α 5 ) contributions and large O(m µ α 6 ) and O(m µ α 7 ) have reduced the uncertainty be a factor-of-4 [20, 22, 25, 26] . Spin-independent contributions to the spectra are only known partially at O(m µ α 5 ), but some large O(m µ α 6 ) terms have been computed and included the presented results [27] .
It should be emphasized that the missing contributions require no new theoretical techniques; positronium, muonium, and muonic hydrogen techniques can be straight-forwardly applied. Most of the unknown corrections arise from virtual electron loops to photon propagators.
Due in part to the difficulty of in-beam laser spectroscopy, consideration of other methods of measuring the Lamb shifts should be considered. An older method utilized for atomic hydrogen [28] has been suggested for true muonium [29] which is similar to the methods pursued currently by the DIRAC experiment for (π + π − ) [30] . In this method, a beam of 2S state true muonium would be passed through a magnetic field, resulting in level-mixing with 2P state which decays by γ emission to the 1S , decreasing the intensity of the beam. By measuring the beam's intensity as a function of magnetic field, the Lamb shift can be extracted.
Since m µ > m e , it is possible for n 3 S 1 states to decay into e + e − pairs. All currently contemplated searches utilize this decay for discovering true muonium [31] [32] [33] , so predictions of these rates are desirable. Including all NLO and a large NNLO contribution we find,
where the final NLO term comes from hadronic vacuum polarization [20] and its associated error, and the NNLO coefficient's error is estimated by O(1) for the n = 1, 2 because other contributions are not anticipated to be anomalously large. For n = 3 the large error is because even the anomalously large NNLO contribution is not known so we estimate based on the lower n and assign a 25% uncertainty. Even at this precision, the theoretical values are lower than the 1%, 5%, and 15% respectively for n = 1, 2, 3 that has been suggested as experimental uncertainties attainable at a near-term experiment [33] . Singlet states will predominately decay to two photons, and similar precision is known for these rates [23] , but we quote here the leading order values τ(n 1 S 0 → γγ) = 0.6n
s. If very high-intensity true muonium experiments were ever built, it would be possible to measure more exotic decays, including those of the triplet state to neutrinos. The leading order decay rates to mono-energetic neutrinos are known to be Γ(1 3 S 1 → ν µνµ ) ≈ 10 −11 Γ e + e − and Γ(1 3 S 1 → ν lνl ) ≈ 10 −14 Γ e + e − . These rates are admittedly small but unlike positronium, due to a ∝ m 5 ℓ scaling, are around the level of rare mesonic decays. Further, measurement of neutrino decays are related to the general subject of invisible decays. These were shown to constrain a variety of BSM (e.g. extra dimensions, axions, mirror matter, fractional charges, and other low-mass dark matter models) in positronium [34] . In true muonium, these rates are also enhanced due to mass scaling, as well as raising the upper limit on masses from m e to m µ .
Discovering
The greatest experimental obstacle is producing a sufficiently large number of the bound state. In the past, many production channels have been discussed: [29, 38, 39] , [43] , and q + q − → (µ + µ − )g in a quark plasma [44] . Some of the more novel methods of utilizing these production channels considered include: fixed target experiments [45] , Fool's Intersection Storage Rings [29] , and even from astrophysical sources [46, 47] .
Two fixed-target experiments should be highlighted in this discussion. The Heavy Photon Search (HPS) [31] experiment has plans to search for true muonium [45] , and DImeson Relativistic Atom Complex (DIRAC) [48] has discussed the possibility in an upgraded run [32] . Additionally, the DIRAC experiment intends to study the Lamb shift in the (π + π − ) bound state using a fixed magnetic field and measuring the decay rate as a function of distance [30] , and the methods developed could be applied to true muonium.
Brodsky and Lebed's idea to produce true muonium by colliding e + e − at an angle with energy near 2m µ [29] has been developed by a group at BINP into an idea for a low-energy collider [33] . Their proposed physics analysis beyond discovering true muonium could include: production rates, decay lengths, 2P − 1S transition probabilities, 2P lifetimes, and possibly even transition energies.
Another avenue for discovering true muonium is through a rare meson decay. The proposed REDTOP experiment at Fermilab would search for true muonium in η/η ′ decays [49] . In anticipation of this, the rates have been recomputed using modern form factors derived from dispersive techniques and applying NLO corrections that will be explained in an upcoming work:
B(η → γγ) = 1.476(5) stat (4) sys × 10 −9 ,
B(η → γγ) = 1.761(7) stat (2) sys × 10 −9 ,
With this branching ratio, about 1000 η events would be produced at REDTOP with their projected luminosity, but this number should be reduced by detector efficiencies and cuts. While no specific experiment has yet been proposed, a similar search could be undertaken in future high-intensity K L beams being considered at CERN and J-PARC, where the rate has been computed to NLO and including modern experimental form factors [50] :
B(η → γγ) ≈ 1.26(2) model × 10 −9 .
